
18.152 PROBLEM SET 3 SOLUTIONS

DONGHAO WANG

1. Problem 3

Most students worked this out. The idea is to use the polar coordi-
nate and the separation of variables.

Proof. Using the polar coordinate pr, θq on R2, we have

∆u “ B2ru`
1

r
Bru`

1

r2
B
2
θu

for r P r1,8q and θ P r0, 2θq. We can do the separation of variables
at this step, but let us make another change of variable to simplify the
problem:

ρ “ log r P r0,8q.

so by the chain rule,

Bρ “
Brpρq

Bρ
¨ Br “ r ¨ Br,

and

B
2
ρ “ r ¨ Brpr ¨ Brq “ r2B2r ` r ¨ Br “ r2pB2r `

1

r
¨ Brq.

As a result,

1

r2
pB

2
ρ ` B

2
θqu “ B

2
ru`

1

r
Bru`

1

r2
B
2
θu “ 0,

where u : r0,8qρ ˆ r0, 2πqθ Ñ R. We formally write

upρ, θq “
ÿ

ně0

anpρq cospnθq `
ÿ

ně1

bnpρq sinpnθq,

where an, bn : r0,8q Ñ R. Notice that each an (and bn) is a constant
function on each circle tρu ˆ r0, 2πq. Since u is a harmonic function,

pB
2
ρ ` B

2
θqanpρq cospnθq “ rB2ρanpρq ´ n

2anpρqs cospnθq.

As a result,
"

B2ρanpρq ´ n
2anpρq “ 0 n ě 0,

B2ρbnpρq ´ n
2bnpρq “ 0 n ě 1,
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so
$

&

%

a0 “ a10 ` a
2
0ρ,

an “ a1ne
´nρ ` a2ne

nρ n ě 1,
bn “ b1ne

´nρ ` b2ne
nρ n ě 1.

where a1n, a
2
n and b1n, b

2
n are some constant numbers. So

upρ, θq “ a10`a
2
0ρ`

ÿ

ně1

pa1ne
´nρ
`a2ne

nρ
q cospnθq`

ÿ

ně1

pb1ne
´nρ
`b2ne

nρ
q sinpnθq.

The boundary condition of u then says

up0, θq “ cos 2θ, lim
ρÑ8

e´ρupρ, θq “ 0.

The second condition implies that the coefficient of enρ must vanish if
n ě 1, so

upρ, θq “ a10 ` a
2
0ρ`

ÿ

ně1

a1ne
´nρ cospnθq `

ÿ

ně1

b1ne
´nρ sinpnθq.

By the first condition,

cos 2θ “ up0, θq “ a10 `
ÿ

ně1

a1n cospnθq `
ÿ

ně1

b1n sinpnθq,

so a12 “ 2 and all other terms vanish. In conclusion,

upρ, θq “ a20ρ` cosp2θq

Using the coordinates pr, θq,

upr, θq “ a20 log r ` cosp2θq.
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